Let S be a monoid and let T be a submonoid of nite index in S. The main results in this paper state that S can be presented by a nite complete rewriting system if T can, and S has nite derivation type if T has.
Introduction
String rewriting systems have played a major role in the development of theoretical computer science. They are also used in combinatorial semigroup and group theory, where the notion of rewriting is central to the idea of presenting semigroups, monoids or groups through nite presentations. If a monoid can be presented by a nite complete rewriting system, then the word problem for the monoid is solvable. Another niteness condition for nitely presented monoids is nite derivation type which is a combinatorial condition satis ed by certain rewriting systems. If a monoid can be presented by a nite complete rewriting system, then it has nite derivation type. For nitely presented monoids the property of having nite derivation type implies the homological niteness condition FP 3 Let S be a semigroup and let T be a subsemigroup of S. If T has nite index in S (that is, the set SnT is nite), then S is called a small extension of T, and T is called a large subsemigroup of S. Some niteness conditions, such as being nitely presented and having soluble word problem, are preserved by forming small extensions or large semigroups (see 1], 2], 3] and 10]). In this paper we consider nite complete rewriting systems and nite derivation type for small extension of monoids (it is similar for the semigroup case). We solve part of the Open Theorem 1. Let S be a small extension of T. If T can be presented by a nite complete rewriting system, then so can S. Theorem 2. Let S be a small extension of T. If T has nite derivation type (FDT), then so does S.
We remark that the converses of Theorems 1 and 2 (also raised as part of the Open Problem11.1 in 10]) remain open.
Notation and Basic De nitions
Let be a set. We denote the free monoid on by . The empty word will be denoted by ?.
A rewriting system R on is a subset of . 
We have a graph ? = ?( ; R) associated with any monoid presentation ; R], where the vertices are the elements of , and the edges are the 4-tuples e = (U; r; "; V ) (U; V 2 ; r 2 R; " = 1): The initial, terminal and inversion functions for an edge e as above are given by (e) = Ur " V; (e) = Ur ?" V and e ?1 = (U; r; ?"; V ). There is a two-sided action of on ? as follows. If W; W 0 2 , then for any vertex V of ?, W V W 0 = WV W 0 (product in ), and for any edge e = (U; r; "; V ) of ?, W e W 0 = (WU; r; "; V W 0 ). This action can be extended to the paths in ?.
We let P(?) denote the set of all paths in ?, and let P (2) (?) := f(p; q) : p; q 2 P(?); (p) = (q); (p) = (q)g: De nition 1 An equivalence relation ' P (2) (?) is called a homotopy relation if it satis es the following conditions:
(a) If e 1 ; e 2 are edges of ?, then (e 1 (e 2 ))( (e 1 ) e 2 ) ' ( (e 1 ) e 2 )(e 1 (e 2 )).
(c) If p; q 1 ; q 2 ; r 2 P(?) satisfy (p) = (q 1 ) = (q 2 ), (q 1 ) = (q 2 ) = (r), and q 1 ' q 2 , then pq 1 r ' pq 2 r. It is easily seen that the collection of all homotopy relations on P(?) is closed under arbitrary intersection, and that P (2) (?) itself is a homotopy relation. Thus, if C P (2) (?), then there is a unique smallest homotopy relation ' C on P(?) that contains C.
De nition 2 Let ; R] be a nite monoid presentation and let ? be the associated graph.
We say that ; R] has nite derivation type (FDT) if there is a nite subset C P (2) (?) which generates P (2) (?) as a homotopy relation, that is, ' C = P (2) (?). A nitely presented monoid S is FDT if some (and hence any 11]) nite presentation of S is FDT.
Finite Complete Rewriting Systems for Small Extensions of Monoids
Suppose S is a monoid and let T be a submonoid of nite index in S. Let where 1 i n + 1; j > 2n + 3.
For two words W; X 2 (A (SnT)) , we de ne W > X if k (W) > k (X) for some k and j (W) = j (X) for all j < k.
First we show this ordering is well-founded. Suppose there is an in nite chain X 1 > X 2 > X 3 > :
, there must be some integer k 1 such that 
Finite Derivation Type for Small Extensions of Monoids
Let T; S; P T ; P S be as in the previous section. Let ? T and ? S denote the graphs associated with P T and P S respectively (? T can be considered as a subgraph of ? S ). Let ? denote the subgraph of ? S which has the same vertex set as ? S , but which contains only those edges (U; r; "; V) of ? S with r 2 R 2 ; U; V 2 (A (SnT)) ; " = 1. By P + (?) (respectively P ? (?)) we denote the set of those paths in ? that only contain edges of the form (U; r; +1; V) (respectively (U; r; ?1; V)) .
Then Lemma 1 in the previous section can be written as the following Lemma 1 0 . For any U 2 (A (SnT)) , there is a path p 2 P + (?) from U to some U 0 2 A (SnT). (2) (? T ) for some B P (2) (? T ). Let C = B C 1 C 2 C 3 P (2) (? S ). We want to show ' C = P (2) )); +1; V 2 ): By the construction of C 2 , it is easy to see that there exist paths p 4 ; p 5 
